For a graph G, the signless Laplacian Estrada index is defined as SLEE(G) = n i=1 e q i , where q 1 , q 2 , . . . , q n are the eigenvalues of the signless Laplacian matrix of G. In this paper, we first characterize the unicyclic graphs with the first two largest and smallest SLEE and then determine the unique unicyclic graph with maximum SLEE among the unicyclic graphs on n vertices with given diameter.
Introduction
In this paper, all graphs are simple, finite, and undirected. The vertex and edge sets of a graph G are V (G) and E(G), respectively. The adjacency matrix A = A(G) = [a ij ] is the n × n symmetric matrix with zero diagonal entries and whose (i, j)-th entry is equal to 1 if i, j are adjacent in G and to 0 otherwise, for distinct i, j ∈ V (G). The matrix Q = D + A is known as the signless Laplacian matrix of G, where D is the diagonal matrix whose diagonal entry (D) ii is the degree of vertex i, 1 ≤ i ≤ n. Denoted by (q 1 , q 2 , . . . , q n ) the spectrum of matrix Q.
The largest eigenvalue of Q is called the signless Laplacian spectral radius, Q-spectral radius or Q-index of graph. The problem of determining graphs at maximize the spectral radius of the signless Laplacian matrix among all graphs with given numbers of vertices and edges is an important problem in spectral graph theory (see [10, 11, 15] ). More references about spectral properties of the signless Laplacian matrix can be found in [1, 4, 5, 7, 12, 16] .
Almost no graphs are determined by their spectrum, and the answer to the question 'which graphs are determined by their spectrum' is still unknown. For use in studying graph properties, Edwin van Dam said that the signless Laplacian matrix Q is better than the other graph matrices [8] . Ayyaswamy et al. [2] defined the signless Laplacian Estrada index as
Also, they gave lower and upper bounds for SLEE in terms of the number of vertices and edges. Binthiya et al. [3] established upper bound for SLEE in terms of the vertex connectivity of graph. In [9, 14] , we investigated the unique graphs with maximum SLEE among the set of all graphs with given number of cut edges, cut vertices, pendent vertices, (vertex) connectivity, edge connectivity and diameter.
Preliminaries and lemmas
In this section, we recall some basic definitions, notations and results from [6, 9] . Then, we prove some very useful propositions which will be used in our main results.
A unicyclic graph is a connected graph with the same number of vertices and edges.
Hence, a unicylic graph is a connected graph with a unique cycle. For a graph G, we denote by T k (G) the k-th signless Laplacian spectral moment of the graph G, i.e.,
Definition. 2.1 [6]
A semi-edge walk of length k in graph G, is an alternating sequence 
We use the notation (G;
, and there exists some k 0 such that
Lemma. 2.3 [9] Let G be a graph and v, u, w 1 , w 2 , . . . , w r ∈ V (G). Suppose that 
To use the above lemma, we say that the graph G u is obtained from G v by transferring some neighbors of v to the set of neighbors of u. In this situation, we call the vertices w 1 , . . . , w r as transferred neighbors, and the graph G as transfer route. Note that an important condition to use the above lemma is to be able to compare the number of semi-edge walks ending at vertices u and v. In the following, we present a helpful lemma to compare the number of semi-edge walks ending at some different vertices.
Lemma. 2.4
Let G be a graph and P = v 0 v 1 · · · v l be a path in G such that d(v 0 ) = 1.
Suppose that v = v r and u = v s such that r + s ≤ l − 1 and d(v i ) = 2 for each
If r + s is odd Proof. For each semi-edge walk W in P which does not contain the vertices v j and the edges e j−1 = v j−1 v j , for any j ≥ r + s, suppose that W is a semi-edge walk in P obtainig uniquely from W by replacing vertices v t by v t ′ and corresponding edges, where
Let W ∈ SW k (G, v), and r + s be even. In this case, v a is the vertex in P which has same distance from v and u. If W contains v a more than once, then it can decompose
is as long as possible, and W 1 and W 3 are semi-edge walks in P . Suppose that f
Let r + s be odd. If W contains e = v a v a+1 more than once, then it can decompose uniquely to W 1 eW 2 eW 3 , such that W 2 is as long as possible, and W 1 and W 3 are semiedge walks in P . Suppose that f
In a similar method, we can prove that
An special case of the previous lemma for r = 0 and s = 1, is proved in [9, Lemma 3.2].
Corollary. 2.5
Let G be a graph containing a cycle, say C l = v 0 v 1 · · · v l−1 v 0 , such that l > 3. Suppose that H is the graph obtained from G by transferring neighbors
If u and v do not have common neighbor in G, then
Applying lemma 2.4 for r = 0 and s = 1, implies that
the result follows by lemma 2.3.
Note that the result of corollary 2.5 holds for any v = v i and u = v i+1 , because we can
This correspondance can be extended over the set
Moreover, we can assume that v corresponds to u (i.e v = u and u = v). Suppose that 
Maximum SLEE of Unicyclic graphs
In this section, we find the unique graphs with first and second maximum SLEE among all of the unicyclic graphs on n vertices.
Let q ≥ 3, and n i ≥ 0, where i = 1, 2, . . . , q. Denoting by C q S(n 1 , n 2 , . . . , n q ), the graph obtaining from a cycle C q = v 1 v 2 · · · v q v 1 , by attaching n i pendent vertices to v i , for each i = 1, 2, . . . , q. Also, we denote the graph C 3 S(n − 3, 0, 0) by G (1) , and C 3 S(n − 4, 1, 0) by G (2) (see Fig. 2 ). Figure 2 : A demonstration of graphs C q S(n 1 , n 2 , . . . , n q ), G (1) and G (2) .
There are n 1 , . . . , n q ≥ 0, such that SLEE(G) ≤ SLEE C q S(n 1 , n 2 , . . . , n q ) , with equality if and only if G ∼ = C q S(n 1 , n 2 , . . . , n q )
Proof. If G ∼ = C q S(n 1 , . . . , n q ), then there is a tree T on at least 3 vertices with only . If G 1 ∼ = C q S(n 1 , . . . , n q ), then by repeating the above process, we may get a graph G k with SLEE(G) < SLEE(G k ) where G k ∼ = C q S(n 1 , . . . , n q ), for some n 1 , . . . , n q ≥ 0 .
Lemma. 3.2 If q ≥ 3 and n 1 , . . . , n q ≥ 0, then there are n
with equality if and only if q = 3.
Proof. Obviously, If q = 3, then equality holds. Let q > 3, and C q = v 1 v 2 · · · v q v 1 be the unique cycle of C q S(n 1 , . . . , n q ). Since v 1 and v 2 do not have common neighbor, By corollary 2.5, SLEE C q S(n 1 , n 2 , . . . , n q ) < SLEE C q−1 S(n 1 + n 2 + 1, n 3 , . . . , n q ) . By repeating this process, after q − 3 times, we have
n i , n q−1 , n q ) .
In the following theorem, we prove that G (1) has the first maximum SLEE, and G (2) has the second maximum SLEE among all of the unicyclic graphs on n vertices.
Theorem. 3.3 Let G be a unicyclic graph on n vertices. If G ∼ = G (1) , then
with equality in the left part, if and only if G ∼ = G (2) .
Proof. Let G ∼ = G (2) (as shown in Fig.2 ). The graph G (1) is obtaining from G (2) by transferring the pendent neighbor y of v 2 to the set of neighbors of v 1 . Let H be the transfer rute graph. It is easy to show that (H; v 2 ) ≺ s (H; v 1 ). Therefore, lemma 2.3
implies that SLEE(G (2) ) < SLEE(G (1) ).
Let C q = v 1 v 2 · · · v q v 1 be the unique cycle of G, and G ∼ = G (2) . We prove the theorem in three cases as follows:
(1) q = 3 and two of vertices in C 3 , say v 2 and v 3 , have degree 2.
In this case by removing vertices v 2 and v 3 of G, we get a tree T which is not a star with center vertex v 1 . By repeating use of lemmas 2.3 and 2.4, similarly in proof of lemma 3.1, we may get a graph G 1 from G consisting of a cycle C 3 , and n − 5 pendent vertices attached to v 1 and a pendent path P 3 = v 1 u 1 x (see Fig.3 ), such that SLEE(G) < SLEE(G 1 ) . Obviously, G (2) can obtain from G 1
x n−5 implies that SLEE(G 1 ) < SLEE(G (2) ).
(2) q = 3 and two of vertices in C 3 , say v 1 and v 2 have degree more than 2.
In this case, by lemma 3.1, there are integers n 1 , n 2 , n 3 ≥ 0 such that SLEE(G) ≤ SLEE C 3 S(n 1 , n 2 , n 3 ) with equality if and only if G ∼ = C 3 S(n 1 , n 2 , n 3 ). Without loss of generality, we may assume that n 1 ≥ n 2 ≥ n 3 . If n 3 = 0, then obviously, C 3 S(n 1 + n 3 , n 2 , 0) is obtaining from C 3 S(n 1 , n 2 , n 3 ) by transferring n 3 pendent neighbors of v 3 to the set of neighbors of v 1 . If H be the transfer rute graph, then lemma 2.6 implies that (H; v 3 ) ≺ s (H; v 1 ). Therefore, by lemma 2.3, SLEE C 3 S(n 1 , n 2 , n 3 ) < SLEE C 3 S(n 1 + n 3 , n 2 , 0) . Now, if n 2 > 1, then by using again of lemmas 2.3 and 2.6 and transferring n 2 − 1 pendent neighbors of v 2 to the set of neighbors of v 1 , we have SLEE C 3 S(n 1 + n 3 , n 2 , 0) < SLEE(G (2) ).
(3) q > 3.
By lemma 3.1, there are integers n 1 , n 2 , . . . , n q ≥ 0, such that SLEE(G) ≤ 
Minimum SLEE of Unicyclic graphs
Our goal of this section is to specify unique graphs with first and second minimum SLEE among all of n-vertex unicyclic graphs.
Let q ≥ 3, and n i ≥ 0, where i = 1, 2, . . . , q. Denoting by C q P (n 1 , n 2 , . . . , n q ), the graph obtaining from a cycle C q = v 1 v 2 · · · v q v 1 , by attaching a pendent path on n i + 1 vertices to v i , for each i = 1, 2, . . . , q. For convenience, we denote the graph C n−1 P (1, 0, . . . , 0) by G (2) (see Fig.4 ). Figure 4 : An illustration of graphs C q P (n 1 , n 2 , . . . , n q ) and G (2) .
Lemma. 4.1 Let G be a unicyclic graph with unique cycle C q = v 1 v 2 · · · v q v 1 . There are n 1 , . . . , n q ≥ 0, such that SLEE(C q P (n 1 , n 2 , . . . , n q )) ≤ SLEE(G), with equality if and only if G ∼ = C q P (n 1 , n 2 , . . . , n q )
Proof. Let G ∼ = C q P (n 1 , . . . , n q ). Thus, G has a subgraph T containing exactly one vertex, say v i , in C q , and T is a tree but not a path. Let P r+1 = u 0 u 1 · · · u r , where u r = v i , be the longest path in T with one end at v i . Obviously, u 0 is a pendent vertex.
Since T is not a path, there is a minimum index j, where 1 ≤ j ≤ r, such that d(u j ) > 2.
Let G 1 be the graph obtaining from G by transeferring some neighbors of u j in T to u 0 , such that d T (u j ) = 2, when 1 ≤ j < r, and d T (u j ) = 1, when j = r. Let G ′ 1 be the transfer rute graph. By lemma 2.4, we have (G ′ 1 ; u 0 ) ≺ s (G ′ 1 ; u j ). Therefore, by lemma 2.3, SLEE(G 1 ) < SLEE(G).
It is obviouse that in the graph G 1 , the tree which is attached to the vertex v i has a path longer than P r+1 , with an end vertex v i . Thus, by repeating this opration, we get a graph G k such that the tree attached to v i is a path on n i vertices, and SLEE(G k ) < SLEE(G). Now, the result follows by doing this process on every tree which is not path and has just one common vertex with C q .
Lemma. 4.2 Let H = C q P (n 1 , n 2 , . . . , n q ), where q < n. Then
with equality on the right part if and only if H ∼ = G (2) (i.e. q = n − 1).
Proof. It is easy to check that SLEE(C q ) < SLEE(G (2) ). Also, if q < n − 1, then there is a least index i with n i > 0. Without loss of generality, we can assume that i = 1, and P = v 1 u 1 u 2 · · · u n 1 be the pendent path at v 1 . Obviously 1 P (1, n 2 , . . . , n q , 0, 0, . . . , 0) is obtaining from H by transferring the neighbor v q of v 1 to the set of neighbors of u n 1 . By Lemmas 2.3 and 2.4, we have SLEE(G 1 ) < SLEE(H). Now, by repeating this process on every pendent path of length > 0, we conclude that SLEE(G (2) ) < SLEE(H).
The following theorem is an immadiate consequence of previouse lemmas and shows that the unique unicyclic n-vertex graph with first (respectively, second) minimum SLEE is C q (respectively, G (2) ).
Theorem. 4.3 Let G be a unicyclic graph on n vertices with the unique cycle C q . If q < n, then
with equality on the right part if and only if G ∼ = G (2) (i.e. q = n − 1).
Unicyclic graph with maximum SLEE with given diameter
A diametral path is a shortest path between two vertices whose distance is equal to the diameter of the graph. In this section, we study the maximum SLEE among the set of all n-vertex unicyclic graphs with given diameter d. It is well-known that C 3 is the unique unicyclic graph with diameter d = 1. Therefore, we consider d ≥ 2 through this section. Hereafter, for convenience, setd = ⌊ d 2 ⌋, and for any subset X ⊆ V (G), X = X \ V (P ).
Proof. Suppose that i be the minimum index with xv i ∈ E(G), for some x ∈ V (G).
Since G is unicyclic, there exists an index j ∈ {i + 1, i + 2} such that v i and v j do not have common neighbor belongs to V (G). If i <d − 1, then by lemmas 2.4 and 2.3 and transferring some neighbors of v i to the set of neighbors of v j , we may get a unicyclic graph with diameter d, which has larger SLEE than G, a contradiction. Thus N(v i ) = ∅, for each i <d − 1. Similarly, we have N(v i ) = ∅, for each i >d + 1.
If d is odd, then N(vd −1 ) = ∅, because otherwise, similarly as above, by transferring some neighbors of vd −1 to the set of neighbors of either vd or vd +1 , we obtain a unicyclic graph with diameter d, which has larger SLEE than G, a contradiction.
If d is even, then N(vd −1 ) = ∅ or N(vd +1 ) = ∅. Otherwise, we can obtain a unicyclic graph with diameter d which has larger SLEE than G, by transferring neighbors N(vd −1 ) of vd −1 to the set of neighbors of either vd or vd +1 , which is a contradiction.
Remark. With the above notations, we note that if d be even and N(vd +1 ) = ∅, then we may change the lables of vertices of P such that v i gets the lable u d−i , for each i = 0, . . . , d. With these new lables, we have xu i ∈ E(G) for any x ∈ V (G) and
Thus, we can alwase suppose that a =d in the previous lemma.
Let 1 ≤ d ≤ n − 2 . We denote by G d the graph obtaining from a path on d + 1 vertices, say P = v 0 v 1 · · · v d , by attaching n − d − 2 pendent vertices to v a , and attaching a vertex u ∈ V (G) to the vertices v a and v a+1 (see Fig.5 ) Figure 5 : The unicyclic graph which has maximum SLEE with given diameter d.
In the following theorem, we prove that G d is the unique graph which has maximum SLEE among the set of all unicyclic graphs with diameter d.
Theorem. 5.2 If G is a unicyclic graph with diameter d which has maximum SLEE,
Proof. By lemma 5.1 and the previous remark, G has a diametral path, say P = v 0 v 1 · · · v d , such that xv i ∈ E(G), for each x ∈ V (G) and v i ∈ V (P d+1 ) \ {vd, vd +1 }. By corollary 2.5, the unique cycle of G is of length 3, say C 3 = u 1 u 2 u 3 u 1 .
By a similar method used in the proof of lemma 3.1, we conclude that any vertex
x ∈ V (G) \ V (C 3 ) is a pendent vertex, and C 3 has at least one common vertex with P .
We claim that V 
